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Abstract
In this work we consider a multi-dimensional higher-order Kirchhoff-type wave equation, with Dirichlet boundary conditions.
We establish a blow-up result for certain solutions with positive initial energy.
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1. Introduction
We consider the problem
ut t +
(∫
Ω
|Dmu|2dx
)q
(−∆)mu + ut |ut |r = |u|pu, x ∈ Ω , t > 0
u(x, t) = 0, ∂
iu
∂νi
= 0, i = 1, 2, . . . ,m − 1, x ∈ ∂Ω , t > 0
u(x, 0) = u0(x), ut (x, 0) = u1(x),
(1)
where m ≥ 1, p, q, r ≥ 0, Ω is a bounded domain of Rn , with a smooth boundary ∂Ω and a unit outer normal ν.
For the case q = 0, m = 1, problem (1) takes the form
ut t −∆u + ut |ut |r = |u|pu, x ∈ Ω , t > 0
u(x, t) = 0, x ∈ ∂Ω , t > 0
u(x, 0) = u0(x), ut (x, 0) = u1(x).
This problem has been extensively studied and it is well known that in the absence of the mechanism of damping, the
source term u|u|p, p > 0, causes finite time blow-up of solutions with negative initial energy (see [1] for instance),
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whereas, in the absence of the source, the damping term assures global existence for arbitrary initial data (see [2] for
example). The interaction between the damping and the source terms was first considered by Levine [3,4] in the linear
damping case (r = 0). He introduced the concavity method and showed that solutions with negative initial energy
blow up in finite time. This method was later improved by Kalantarov and Ladyzhenskaya [5] to accommodate more
general cases. Georgiev and Todorova [6] extended Levine’s result to the nonlinear damping case (r > 0). In their
work, the authors introduced a new method and determined suitable relations between the nonlinearity in the damping
and the source, for which there is global existence or alternatively finite time blow-up. To be precise, they showed that
solutions with negative energy continue to exist globally ‘in time’ if r ≥ p and blow up in finite time if p > r and
the initial energy is sufficiently negative. This last blow-up result was extended to solutions with negative energy by
Messaoudi [7] and others. For results of the same nature, we refer the reader to [8–11] and the references therein.
For q > 0, m = 1, (1) reduces to a nonlinear Kirchhoff-type problem of the form
ut t −
(∫
Ω
|Dmu|2dx
)q
∆u + ut |ut |r = |u|pu, x ∈ Ω , t > 0.
u(x, t) = 0, x ∈ ∂Ω , t > 0.
u(x, 0) = u0(x), ut (x, 0) = u1(x).
Many authors have discussed this problem and several results concerning global existence and blow-up have been
established; see in this regard [12–16] and the references therein. We mention in particular the work of Ono [13] in
which he showed that solutions with initial energy blow up in finite time if p > max{2q, r} (p < 2/(n − 4), n > 4
and p > 0, n ≤ 4).
Recently, Galaktinov and Pohozaev [17] considered the Cauchy problem of (1), in the absence of the dissipation,
as one of many applications to a blow-up of solutions for an abstract hyperbolic problem. Li [18] has discussed (1), in
its generality, and showed, using the concavity method, that, for p > max(r, 2q), solutions with negative energy blow
up in finite time. However these solutions are global in time if r ≥ p. In the present work, we improve Li’s result and
show that certain solutions with positive initial energy also blow up in finite time.
2. Blow-up
Let B be the best constant of the embedding inequality ‖u‖p+2 ≤ B‖Dmu‖2. We set
α1 = B−(p+2)/(p−2q), E1 =
(
1
2(q + 1) −
1
p + 2
)
α
2(q+1)
1 (2)
and
E(t) = 1
2
‖ut‖22 +
1
2(q + 1)‖D
mu‖2(q+1)2 −
1
p + 2‖u‖
p+2
p+2. (3)
Lemma 2.1. Let u be solution of (1). Assume that E(0) < E1 and ‖Dmu0‖2 > α1. Then there exists a constant
α2 > α1 such that
‖Dmu(., t)‖2 ≥ α2, ∀t ≥ 0, (4)
‖u‖p+2 ≥ Bα2, ∀t ≥ 0. (5)
Proof. We first note that, by (3) and the Sobolev embedding, we have
E(t) ≥ 1
2(q + 1)‖D
mu‖2(q+1)2 −
1
p + 2‖u‖
p+2
p+2
≥ 1
2(q + 1)‖D
mu‖2(q+1)2 −
B p+2
(p + 2)(q + 1)‖D
mu‖p+22
= 1
2(q + 1)α
2(q+1) − B
p+2
p + 2α
p+2 = g(α), (6)
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where α = ‖Dmu‖2. It is easy to verify that g is increasing for 0 < α < α1, decreasing for α > α1, g(α) → −∞
as α → +∞, and g(α1) = E1, where α1 is given in (2). Therefore, since E(0) < E1, there exists α2 > α1 such that
g(α2) = E(0).
If we set α0 = ‖Dmu0‖2, then by (6) we have g(α0) ≤ E(0) = g(α2), which implies that α0 ≥ α2. To establish
(4), we suppose by contradiction that ‖Dmu(t0)‖2 < α2, for some t0 > 0 and by the continuity of ‖Dmu(.)‖ we can
choose t0 such that ‖Dmu(t0)‖2 > α1. Again the use of (6) leads to
E(t0) ≥ g(‖Dmu(t0)‖2) > g(α2) = E(0).
This is impossible since E(t) ≤ E(0), for all t ≥ 0. Hence (4) is established.
To prove (5), we exploit (3) to see
1
2(q + 1)‖D
mu‖2(q+1)2 ≤ E(0)+
1
p + 2‖u‖
p+2
p+2.
Consequently
1
p + 2‖u‖
p+2
p+2 ≥
1
2(q + 1)‖D
mu‖2(q+1)2 − E(0) ≥
1
2(q + 1)α
2(q+1)
2 − E(0)
≥ 1
2(q + 1)α
2(q+1)
2 − g(α2) =
B p+2
p + 2α
p+2
2 . (7)
Therefore (7) and (2) yields the desired result. 
Theorem 2.2. Suppose that p > max(r, 2q) and
0 < p ≤ 2
n − 2m , n ≥ 2m, p > 0, n ≤ 2m. (8)
Then any solution of (1), with initial data satisfying
‖Dmu0‖2 > B−(p+2)/(p−2q), E(0) < E1,
blows up in finite time.
Proof. A multiplication of Eq. (1) by ut and integration over Ω gives
E
′
(t) = −‖ut‖r+2r+2 ≤ 0. (9)
We then set
H(t) = E1 − E(t). (10)
By using (3), (9) and (10), we get
0 < H(0) ≤ H(t) ≤ E1 − 12‖ut‖
2
2 −
1
2(q + 1)‖D
mu‖(2q+1)2 +
1
p + 2‖u‖
p+2
p+2
and exploiting (2) and (4) we obtain
E1 − 12(q + 1)‖D
mu‖2(q+1)2 < E1 −
1
2(q + 1)α
2(q+1)
1 = −
1
p + 2α
2(q+1)
1 < 0, ∀t ≥ 0.
Hence
0 < H(0) ≤ H(t) ≤ 1
p + 2‖u‖
p+2
p+2, ∀t ≥ 0. (11)
We then define
L(t) = H1−σ (t)+ ε
∫
Ω
uutdx, (12)
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for ε small to be chosen later and
0 < σ = min
(
p − r
2(r + 1)(q + 1) ,
p
2(p + 1)
)
. (13)
By taking a derivative of (12) and using Eq. (1) we obtain
L
′
(t) = (1− σ)H−σ (t)H ′(t)+ ε(‖u‖p+2p+2 + ‖ut‖22 + ‖Dmu‖2(q+1)2 )
− ε
∫
Ω
ut |ut |rudx + 2(q + 1)εH(t)− 2(q + 1)εE1
+ 2ε(q + 1)
[
1
2
‖ut‖22 +
1
2(q + 1)‖D
mu‖2(q+1)2 −
1
p + 2‖u‖
p+2
p+2
]
. (14)
On exploiting (3) and (5), estimate (14) takes the form
L
′
(t) ≥ (1− σ)H−σ (t)H ′(t)+ εc0‖u‖p+2p+2 + ε(1+ (q + 1))‖ut‖22
+ 2ε‖Dmu‖2(q+1)2 + 2(q + 1)εH(t)− ε
∫
Ω
ut |ut |rudx (15)
where
c0 = 1− 2(q + 1)p + 2 − 2(q + 1)E1(Bα2)
−(p+2) > 0 (16)
since α2 > B−(p+2)/(p−2q).
Next we exploit Young’s inequality to estimate the last term in (15) as follows:∣∣∣∣∫
Ω
ut |ut |rudx
∣∣∣∣ ≤ δr+2r + 2
∫
Ω
|u|r+2dx + r + 1
r + 2δ
−(r+2)/(r+1)
∫
Ω
|ut |r+2dx, ∀δ > 0
and hence we arrive at
L
′
(t) ≥ (1− σ)H−σ (t)H ′(t)+ εc0‖u‖p+2p+2 + ε(1+ (q + 1))‖ut‖22 + 2ε‖Dmu‖2(q+1)2
+ 2(q + 1)εH(t)− ε δ
r+2
r + 2
∫
Ω
|u|r+2dx − ε r + 1
r + 2δ
−(r+2)/(r+1)
∫
Ω
|ut |r+2dx . (17)
At this point we choose δ so that δ−(r+2)/(r+1) = MH−σ (t), for M a large constant to be determined, and substituting
in (17) we obtain
L
′
(t) ≥
[
(1− σ)− ε r + 1
r + 2M
]
H−σ (t)H ′(t)+ εc0‖u‖p+2p+2 + ε(1+ (q + 1))‖ut‖22
+ 2ε‖Dmu‖2(q+1)2 + 2(q + 1)εH(t)− ε
M−(r+1)
r + 2 H
σ(r+1)
∫
Ω
|u|r+2dx . (18)
Since p > r we have∫
Ω
|u|r+2dx ≤ C
[∫
Ω
|u|p+2dx
](r+2)/(p+2)
where C is positive constant depending on Ω only. We also have from (11)
Hσ(r+1)
∫
Ω
|u|r+2dx ≤ C
(p + 2)σ(r+1)
[∫
Ω
|u|p+2dx
]σ(r+1)+(r+2)/(p+2)
By using (13) and the inequality
zν ≤ (z + 1) ≤
(
1+ 1
a
)
(z + a), ∀z ≥ 0, 0 < ν ≤ 1, a ≥ 0, (19)
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we have the following:[∫
Ω
|u|p+2dx
]σ(r+1)+(r+2)/(p+2)
≤ d(‖u‖p+2p+2 + H(0)) ≤ d(‖u‖p+2p+2 + H(t)), ∀t ≥ 0 (20)
where d = 1+ 1/H(0). Inserting the estimate (20) into (18) we arrive at
L
′
(t) ≥
[
(1− σ)− ε r + 1
r + 2M
]
H−σ (t)H ′(t)
+ ε
(
c0 − CM
−(r+1)d
(r + 2)(p + 2)σ(r+1)
)
‖u‖p+2p+2 + ε(1+ (q + 1))‖ut‖22
+ 2ε‖Dmu‖2(q+1)2 +
(
2(q + 1)− CM
−(r+1)d
(r + 2)(p + 2)σ(r+1)
)
εH(t). (21)
At this point we choose M large enough so that (21) becomes, for some positive constant η,
L
′
(t) ≥
[
(1− σ)− ε r + 1
r + 2M
]
H−σ (t)H ′(t)+ εη[‖ut‖22 + ‖u‖p+2p+2 + H(t)]. (22)
Once M is fixed (hence η), we pick ε small enough so that (1− σ)− ε r+1r+2M ≥ 0 and
L(0) = H1−σ (0)+ ε
∫
Ω
u0u1dx > 0.
Therefore (22) yields
L
′
(t) ≥ εη[‖ut‖22 + ‖u‖p+2p+2 + H(t)]. (23)
Consequently we have
L(t) ≥ L(0) > 0, ∀t ≥ 0.
Next we estimate∣∣∣∣∫
Ω
uut (x, t)dx
∣∣∣∣ ≤ ‖u‖2‖ut‖2 ≤ C‖u‖p+2‖ut‖2,
which implies∣∣∣∣∫
Ω
uut (x, t)dx
∣∣∣∣1/(1−σ) ≤ C‖u‖1/(1−σ)p+2 ‖ut‖1/(1−σ)2 .
Again Young’s inequality gives us∣∣∣∣∫
Ω
uut (x, t)dx
∣∣∣∣1/(1−σ) ≤ C[‖u‖µ/(1−σ)p+2 + ‖ut‖θ/(1−σ)2 ], (24)
for 1/µ+ 1/θ = 1. We take θ = 2(1− σ), to get µ/(1− σ) = 2/(1− 2σ). Therefore (24) becomes∣∣∣∣∫
Ω
uut (x, t)dx
∣∣∣∣1/(1−σ) ≤ C[(‖u‖p+2p+2)2/(1−2σ)(p+2) + ‖ut‖22], ∀t ≥ 0. (25)
Again by using (13) and (20) we deduce
(‖u‖p+2p+2)2/(1−2σ)(p+2) ≤ d(‖u‖p+2p+2 + H(t)),
so ∣∣∣∣∫
Ω
uut (x, t)dx
∣∣∣∣1/(1−σ) ≤ C{‖u‖p+2p+2 + H(t)+ ‖ut‖22}, ∀t ≥ 0.
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Consequently
L1/(1−σ)(t) ≤ C[H(t)+ ‖u‖p+2p+2 + ‖ut‖22], ∀t ≥ 0 (26)
By combining (23) and (26) we obtain
L ′(t) ≥ a0L1/(1−σ)(t), ∀t ≥ 0 (27)
where a0 is a positive constant depending on εη and C . A simple integration of (27) over (0, t) then yields
L(p−2)/(p+2)(t) ≥ 1
L−(p−2)/2(0)− a0t (p − 2)/2 .
Therefore L(t) blows up in a time T ∗ ≤ 1−α
αa0[L(0)](p−2)/(p+2) . 
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